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Abstract

Activity recognition has been studied with
limited lab settings on small-scale data-
sets. These studies generally assume that
the start and the end of each activity are
known beforehand. In practice, however,
different activities are present in a conti-
nuous temporal sequence with unknown
boundaries. In this article, we propose
a new online training method, referred to
as averaged stochastic gradient descent
with feedback (ASF), for continuous acti-
vity recognition. We demonstrate reaso-
nable convergence properties of ASF, and
evaluate its performance using large-scale
dataset collected from 100 persons. Our
results demonstrate that as a practical so-
lution, ASF outperforms a variety of exis-
ting training methods in both accuracy and
robustness. The novelty of this paper is
twofold: (1) An accurate and robust on-
line training method; (2) Large-scale con-
tinuous activity recognition.

1 Introduction

Acceleration sensor based activity recognition is
useful in practical applications (Bao and Intille,
2004; Präkkä et al., 2006; Ravi et al., 2005;
Huynh et al., 2008). For example, in some
medical programmes, researchers hope to prevent
lifestyle diseases from being exacerbated. Howe-
ver, the traditional way of counseling is ineffective
both in time and accuracy, because it requires
many manual operations. In sensor-based activity
recognition, an accelerometer is employed (e.g.,
attached on the wrist of people) to automatically
capture the acceleration statistics (e.g., a temporal
sequence of three-dimension acceleration data) in
the daily life of counselees, and the correspon-

ding categories of behaviors (activities) can be
automatically identified with a certain level of
accuracy.

Although there is a considerable literature on
activity recognition, most of the prior work dis-
cusses activity recognition in a pre-defined limited
environment (Bao and Intille, 2004; Präkkä et al.,
2006; Ravi et al., 2005). For example, most of
the prior work assumes that the beginning and en-
ding time of each activity are known to the tar-
get recognizing system, and the produced system
only performs simple classifications to the activity
signals (Bao and Intille, 2004; Präkkä et al., 2006;
Ravi et al., 2005). However, this is not the case
for real-life activity sequences of human beings,
in which different types of activities are perfor-
med one by one without an explicit segmentation
on the boundaries. For example, people may first
walk, and then take a taxi, and then take an ele-
vator, in which the boundaries of the activities are
unknown to the target activity recognition system.
For this concern, it is important to develop a more
powerful system that not only predicts the types of
the activities, but also disambiguates the bounda-
ries of those activities.

To this end, we have collected 100 users’ real-
life activity data continuously based on the 3-
dimension acceleration data reported by sensors.
We then further propose an accurate and robust on-
line training method for continuous real-life acti-
vity recognition. Our proposed solution uses the
popular structured classification models, conditi-
onal random fields (CRFs) and latent conditional
random fields (LCRFs), to identify activity type
while disambiguating the activity boundaries.



2 Related Work and Motivations

2.1 Human Activity Recognition
Activity recognition is an important topic and
has many applications in practice (Kerr et al.,
2011; Mandal and Eng, 2012; Banos et al., 2012;
Keally et al., 2011; Junker, 2005; Bannach et al.,
2008; Choudhury et al., 2008). Activity recogni-
tion is usually studied with limited lab settings
and a small dataset. First, traditional lab settings
assume that the start and the end of each acti-
vity are known beforehand. With this assumption,
most of the prior work simplified the activity re-
cognition task as a single-label classification pro-
blem (Bao and Intille, 2004; Präkkä et al., 2006;
Ravi et al., 2005; Yin et al., 2005, 2008). Given
a sequence of sensor signals, the activity recog-
nition system predicts a single label (representing
a type of activity) for the whole sequence. Ravi
et al. (Ravi et al., 2005) used decision trees, sup-
port vector machines (SVMs) and K-nearest neig-
hbors (KNN) models for classification. Bao and
Intille (Bao and Intille, 2004) and Pärkkä et al.
(Präkkä et al., 2006) used decision trees for clas-
sification. A few other works treated the task as
a structured classification problem. Huynh et al.
(Huynh et al., 2008) tried to discover latent acti-
vity patterns by using a Bayesian latent topic mo-
del. In this paper, unlike previous studies based on
limited lab settings, we perform continuous acti-
vity recognition with activity boundaries unknown
to the recognizer.

Second, most of the prior work of activity re-
cognition used a relatively small dataset. For ex-
ample, in Ravi et al. (Ravi et al., 2005), the data
was collected from two persons. In Huynh et al.
(Huynh et al., 2008), the data was collected from
only one person. In Pärkkä et al. (Präkkä et al.,
2006), the data was collected from 16 persons.
Unlike previous studies based on small datasets,
our study is based on a large-scale dataset col-
lected from 100 persons.

2.2 Online Training
There are two major approaches for training log-
linear models: batch training and online training.
Standard gradient descent methods are normally
batch training methods, in which the gradient
computed by using all training instances is used
to update the parameters of the model. The batch
training methods include, for example, steepest
gradient descent, conjugate gradient descent (CG),

and quasi-Newton methods like Limited-memory
BFGS (LBFGS) (Nocedal and Wright, 1999). The
true gradient is usually the sum of the gradients
from each individual training instance. Therefore,
batch gradient descent requires the training met-
hod to go through the entire training set before up-
dating parameters. Hence, the batch training met-
hods are slow.

Online learning methods can significantly
accelerated the training speed, compared with
batch training methods (Bartlett et al., 2007;
Bottou and LeCun, 2003; Duchi and Singer,
2009; Shalev-Shwartz and Tewari, 2009). A
promising online training method is the stochastic
gradient method, for example, the stochastic
gradient descent method (SGD) and its extensions
(Bottou, 1998; Spall, 2005; Langford et al., 2009;
Lin, 2010). The parameters of the model are
updated much more frequently, and much fewer
iterations are needed before the convergence.
For large-scale datasets, the SGD can be much
faster than batch gradient based training methods.
However, there are problems on the traditional
SGD literature: First, the SGD method is sensitive
to noise. The accuracy of the SGD training is
limited when the data is noisy (for example, the
data inconsistency problem that we will discuss
in the experiment section). Second, the SGD
method is not robust enough in some cases. It
contains more hyper-parameters (e.g., not only
regularization, but also learning rate) and it is
quite sensitive to the tuning of hyper-parameters.
In some cases, tuning hyper-parameters for SGD
is not a easy task.

In this paper, we present a new online gradient-
based learning method, the averaged SGD with
feedback (ASF), for training log-linear models
with convex or even non-convex objective functi-
ons. According to the experimental results, the
proposed method is accurate and robust for trai-
ning continuous activity recognizers.

3 Background of Methodology

We will review the technique details of conditional
random fields, latent conditional random fields,
and stochastic gradient descent training.

3.1 Conditional Random Fields

Conditional random fields (CRFs) are propo-
sed as an alternative solution for structured
classification by solving “the label bias pro-



blem” (Lafferty et al., 2001). Assuming a feature
function that maps a pair of observation sequence
x and label sequence y to a global feature vector
f , the probability of a label sequence y conditio-
ned on the observation sequence x is modeled as
follows (Lafferty et al., 2001):

P (y|x,w) =
exp

[
w⊤f(y,x)

]∑
∀y′ exp

[
w⊤f(y′,x)

] , (1)

where w is a parameter vector.
Typically, computing

∑
∀y′ exp

[
w⊤f(y′,x)

]
is computationally intractable. This summation
can be computed using dynamic programming
techniques (Lafferty et al., 2001). To make the dy-
namic programming techniques applicable, the de-
pendencies of labels are chosen to obey the Mar-
kov property. This has a computational complex-
ity of O(NKM ). N is the length of the sequence;
K is the dimension of the label set; M is the length
of the Markov order used by local features.

Given a training set consisting of n labeled se-
quences, (xi,yi), for i = 1 . . . n, parameter esti-
mation is performed by maximizing the objective
function,

L(w) =

n∑
i=1

logP (yi|xi,w)−R(w). (2)

The first term of this equation represents a con-
ditional log-likelihood of a training data. The se-
cond term is a regularizer for reducing overfitting.
Since our preliminary experiments suggested that
an L2 prior performed slightly better than an L1

prior in the tasks discussed in this paper, we em-
ployed an L2 prior, R(w) = ||w||2

2σ2 . In what fol-
lows, we denote the conditional log-likelihood of
each sample, logP (yi|xi,w), as ℓ(i,w). The fi-
nal objective function is as follows:

L(w) =

n∑
i=1

ℓ(i,w)− ||w||
2

2σ2
. (3)

3.2 Latent Conditional Random Fields
Real-world problems may contain hidden structu-
res that are difficult to be captured by conventi-
onal structured classification models without la-
tent variables. In such cases, models that ex-
ploit latent variables are advantageous in learning
(Morency et al., 2007; Petrov and Klein, 2008;
Sun et al., 2009b,a; Petrov, 2010, to appear). The-
refore, as a representative structured classifica-
tion model with latent variables, the discrimina-
tive probabilistic latent variable models (LCRFs)

have become popular for performing a variety
of tasks with hidden structures, e.g., vision re-
cognition (Morency et al., 2007), syntactic parsing
(Petrov and Klein, 2008; Petrov, 2010, to appear),
abbreviation generation/recognition (Sun et al.,
2009b), and biomedical named entity recogni-
tion (Sun et al., 2009a). For example, Morency
et al. (Morency et al., 2007) demonstrated that
LCRF models can learn latent structures of vision
recognition problems efficiently, and outperform
several widely-used conventional models, such
as support vector machines (SVMs), conditional
random fields (CRFs) and hidden Markov models
(HMMs). Petrov and Klein (Petrov and Klein,
2008) reported on a syntactic parsing task that
LCRF models can learn more accurate grammars
than that of the conventional techniques without
latent variables.

Given the training data, the task is to learn
a mapping between a sequence of observations
x = x1, x2, . . . , xm and a sequence of labels
y = y1, y2, . . . , ym. Each yj is a class label for the
j’th token of a word sequence, and is a member of
a set Y of possible class labels. For each sequence,
the model also assumes a sequence of latent vari-
ables h = h1, h2, . . . , hm, which is unobservable
in training examples.

The LCRF model is defined as follows
(Morency et al., 2007):

P (y|x,w) ,
∑
h

P (y|h,x,w)P (h|x,w),

where w represents the parameter vector of the
model. To make the training efficient, a re-
striction is made for the model: for each label,
the latent variables associated with it have no
intersection with the latent variables from other
labels (Morency et al., 2007; Petrov and Klein,
2008). This simplification is also a popular
practice in other latent conditional models, in-
cluding hidden-state conditional random fields
(HCRF) (Quattoni et al., 2007). Each h is a mem-
ber in a set H(y) of possible latent variables for
the class label y, and H(yj) ∩ H(yk) = ∅ if
yj ̸= yk. H is defined as the set of all possible
latent variables; i.e., the union of all H(y) sets:
H = ∪y∈YH(y). In other words, h can have any
value from H, but P (y|h) is zero except for only
one of y in Y. The disjoint restriction indicates a



discrete simplification of P (y|h,x,w):

P (y|h,x,w) = 1 if h ∈ H(y1)× . . .×H(ym)

P (y|h,x,w) = 0 if h /∈ H(y1)× . . .×H(ym)

where m is the length of the labeling: m = |y|.
The formula h ∈ H(y1)× . . .×H(ym) indicates
that the latent-labeling h is a latent-labeling of the
labeling y, which can be more formally defined as
follows:

h ∈ H(y1)× . . .×H(ym) ⇐⇒ hj∈H(yj), j = 1, . . . ,m.

Since sequences that have any hj /∈ H(yj) will by
definition have P (y|hj ,x,w) = 0, the model can
be simplified as:

P (y|x,w) ,
∑

h∈H(y1)×...×H(ym)

P (h|x,w). (4)

The item P (h|x,w) is defined by the usual condi-
tional random field formulation:

P (h|x,w) =
exp

[
w⊤f(h,x)

]∑
h′∈H×...×H

exp
[
w⊤f(h′,x)

] , (5)

where f(h,x) is a global feature vector.
Given a training set consisting of n labeled se-

quences, (xi,yi), for i = 1 . . . n, parameter es-
timation is performed by optimizing the objective
function,

L(w) =
n∑

i=1

logP (yi|xi,w)−R(w)

=
n∑

i=1

ℓ(i,w)− ||w||
2

2σ2
.

(6)

3.3 Stochastic Gradient Descent
Training LCRFs is quite challenging. Tradi-
tional gradient-based batch training methods,
such as Limited-memory BFGS (LBFGS)
(Nocedal and Wright, 1999), are intolerably slow
on LCRFs (Petrov and Klein, 2008; Sun et al.,
2009a). For example, (Petrov and Klein, 2008)
highlighted both time and memory cost problems
on training LCRFs for natural language parsing.
Also, (Sun et al., 2009a) showed that the training
of LCRFs is computationally expensive on large
scale problems. On a corpus of 10-thousand
sentences, the training of LCRFs took several
days.

The stochastic gradient descent (SGD) training
method is quite successful on conventional models

(Tsuruoka et al., 2009; Vishwanathan et al., 2006;
Shalev-Shwartz et al., 2007; Bottou, 1998; Spall,
2005), including CRFs and support vector machi-
nes. The SGD uses a small randomly-selected
subset of the training samples to approximate the
gradient of the objective function given by Equa-
tion 3. The number of training samples used for
this approximation is called the batch size. By
using a smaller batch size, one can update the pa-
rameters more frequently and speed up the conver-
gence. The extreme case is a batch size of one, and
it gives the maximum frequency of updates, which
we adopt in this work. Then, the model parameters
are updated in such a way:

wk+1 = wk + γk∇wk

[
ℓ(i,wk)−

||wk||2

2nσ2

]
, (7)

where k is the update counter, γk is the learning
rate, and n is the number of data samples in a trai-
ning dataset. A proper learning rate can guaran-
tee the convergence of the SGD method (Bottou,
1998; Spall, 2005). A typical convergent choice
of learning rate can be found in Collins et al.
(Collins et al., 2008):

γk =
γ0

1 + k/n
,

where γ0 is a constant. This scheduling guarantees
ultimate convergence (Bottou, 1998; Spall, 2005).
In this paper we adopt this learning rate schedule
for the SGD.

4 Noise Analysis in Activity Recognition

Before presenting a reasonable solution for conti-
nuous activity recognition, it is important to ana-
lyze characteristics and difficulties in this task.
Since noise is a major reason that limits the perfor-
mance of an activity recognizer, we will focus on
noise analysis. To our knowledge, there is no pre-
vious work on such kind of analysis in continuous
activity recognition. We found the data of continu-
ous activities are much more noisy than other real-
world tasks, and the noise is from the very nature
of activity recognition: inconsistency of persons
and inconsistency of axes.

4.1 Inconsistency of Persons
Since our dataset is based on 100 persons, it will
be interesting to analyze the consistency of acti-
vity patterns among different persons. As we can
see in Figure ??, the personal data distributions are



not even from one to another. Some persons (e.g.,
person-IDs from #0 to #40) have relative small
amount of collected data. Since it is inefficient
to test consistency among 100 persons, we pick
5 representative persons (the top-5 persons with
the largest size of data) for the consistency test. A
CRF model is used as the activity recognizer, and
the SGD method is used for training the CRF re-
cognizer. We first merge the training data of the
five persons for training a unified recognizer. On
the other hand, we use the training data of each
person to train a personalized recognizer for each
person, and we can get five personalized recogni-
zers in total. Then, we compare the unified and
personalized recognizers by evaluating prediction
accuracies on each person.

In Figure ??, we show the curves of accuracies
on varying the number of training iterations of the
SGD-Merged and the SGD-Personalized. SGD-
Merged is the unified recognizer trained by SGD:
all the personal training data is merged for trai-
ning. SGD-personalized is the personalized recog-
nizer trained by SGD. The left figure shows the
curves of overall accuracies of the different recog-
nizers. The overall accuracies are averaged over
the test data of all five persons. The middle fi-
gure shows the curves of personal accuracies of
the unified recognizer. SGD-Merged-1 means the
unified recognizer is evaluated on the test data of
the Person-1. Finally, the right figure shows the
curves of the personalized recognizers. SGD-1-
1 means the personalized recognizer is trained on
the training data of the Person-1, and evaluation is
on the test data of the Person-1.

As can be seen from the left figure, in contrast
to our expectation, the unified recognizer perfor-
med slightly worse than personalized recognizers
in terms of overall accuracies. This is interesting
because the unified recognizers used more training
data than the personalized recognizers. More de-
tails are shown in the middle and the right figure.
As we can see, the curves of the unified recogni-
zer (in the middle figure) is much more unstable
than the curves of the personalized recognizers (in
the right figure). The severe accuracy fluctuations
of the unified recognizer indicate that activity pat-
terns of different persons can be very different and
even opposite. The activity patterns of different
persons are not as consistent as our expectation.

From this experimental analysis, we can see that
it is a challenge to train a unified activity recogni-

zer for different persons, because of the inconsis-
tency of personal activity patterns. On the other
hand, note that, building a unified activity recog-
nizer is still a more practical solution than building
multiple personalized activity recognizers, simply
because many new users do not have their own
training data at all. In such cases, there is no way
to build personalized activity recognizers for the
new users.

4.2 Inconsistency of Axes

Another significant source of noise in activity re-
cognition is the axis rotation problem: the rota-
tion of the x-axis, y-axis, and z-axis in the col-
lected data. Since different people attached the
iPod accelerometer with a different rotation of
iPod accelerometer, the x-axis, y-axis, and z-axis
faced the risk of inconsistency in the collected
data. Take an extreme case for example, while the
x-axis may represent a horizontal direction for an
instance, the same x-axis may represent a verti-
cal direction for another instance. As a result, the
acceleration signals of the same axis may face the
problem of inconsistency. A candidate solution to
keep the signal consistency is to keep a standard
rotation of accelerometers when collect the data.
However, we try to avoid such typical lab settings,
because this will make the collected data “unna-
tural”. For example, people put accelerometers
(e.g., in iPod or iPhone) randomly in their pocket
in daily lives.

5 A New Online Training Method

We have shown that the continuous activity recog-
nition task contains very noisy training data. The-
refore, a robust and accurate online training met-
hod is crucial to achieve good performance in this
task. As we have introduced, the SGD optimiza-
tion method is a popular and successful training
method in usual circumstances. However, in an
unusual circumstance, such as noisy training data,
the SGD method faces difficulties in training pa-
rameters. In addition, given a noisy dataset, trai-
ning a LCRF model is even more challenging, be-
cause of the incorporation of latent variables in
LCRFs. Since the parameters of latent variables
are totally unobservable in the training stage, the
approximate gradient (of latent variables) used at
each update is much more noisy than on traditio-
nal models. As a result, the fluctuation of approx-
imate gradient on LCRFs is especially severe in



noisy dataset. In such an extremely noisy situa-
tion, the performance of the traditional stochastic
training methods is limited.

To alleviate the training problem in continuous
activity recognition, we will present the averaged
stochastic gradient descent training method, and
more importantly, we will show that a reasonable
feedback schedule is the key to make the averaged
SGD being robust and accurate.

5.1 Averaged SGD with Feedback (ASF)

The naive version of averaged SGD is inspired by
the averaged perceptron technique (Collins, 2002).
Let witer(c),sample(d) be the parameters after the
d’th training example has been processed in the
c’th iteration over the training data. We define the
averaged parameters at the end of the iteration c′

as:

witer(c′) ,
∑

c=1...c′, d=1...nw
iter(c),sample(d)

nc′
.

(8)
It is noteworthy that the parameter averaging can
be performed on-the-fly as follows:

wt =
t− 1

t
wt−1 +

1

t
wt,

where t is a count of the weight updates. Hence,
there is no need to store the previous weight vec-
tors.

However, a straightforward application of para-
meter averaging is not adequate. A potential pro-
blem of traditional parameter averaging is that the
model parameters w receive no information from
the averaged parameters: the model parameters w
are trained exactly the same like before (SGD wit-
hout averaging). w could be misleading as the
training goes on. To solve this problem, a natural
idea is to reset w by using the averaged parame-
ters, which are more reliable. We propose a refi-
ned version of averaged SGD by further applying
a “periodic feedback”.

We periodically reset the parameters w by using
the averaged parameters w. The interval between
a feedback operation and its previous operation is
called a training period or simply a period. It is
important to decide when to do the feedback, i.e.,
the length of each period should be adjusted re-
asonably as the training goes on. For example,
at the early stage of the training, the w is highly
noisy, so that the feedback operation to w should
be performed more frequently. As the training

Notes m is the number of periods when the
ASF reaches the convergence;
b is the current number of period;
c is the current number of iteration;
n is the number of training samples;
The decaying rate, γ ← γ0

1+b/Z , is only for
theoretical analysis. In practice we can sim-
ply set γ ← 1, i.e., remove the decaying rate.

Procedure ASF-train
Initialize w with random values
c← 0
for b← 1 to m

. γ ← γ0
1+b/Z with Z ≫ n, or simply

γ ← 1
. for 1 to b
. w← SGD-update(w)
. c← c+ b
. w← witer(c) in Eq. 8
Return w

Procedure SGD-update(w)
for 1 to n
. select a sample j randomly
. w← w + γ∇wℓ(j,w)
Return w

Figure 1: The ASF training.

goes on, less frequent feedback operation would
be better in order to adequately optimize the pa-
rameters. In practice, we adopt a schedule of line-
arly slowing-down feedback, and we will show the
reasonable convergence properties of this schedu-
ling in Section 5.2.

In what follows, we call the proposal as avera-
ged SGD with feedback (ASF). Figure 1 shows the
steps of the ASF. Now, we analyze the averaged
parameters produced by each period. We denote
wb,c,d as the model parameters after the d’th sam-
ple is processed in the c’th iteration of the b’th pe-
riod. Without making any difference, we denote
wb,c,d more simply as wb,cn+d where n is the num-
ber of samples in a training data. Similarly, we use
gb,cn+d to denote ∇wℓ(d,w) in the c’th iteration
of the b’th period. Let γ(b) be the decaying rate in
the b’th period. Let w(b) be the averaged parame-
ters produced by the b’th period. We can induce



the explicit form of w(1):

w(1) = w1,0 + γ(1)
∑

d=1...n

(
n− d+ 1

n
g1,d

)
.

(9)

When the 2nd period ends, the parameters are
again averaged over all previous model parame-
ters, w1,0, . . . ,w1,n,w2,0, . . . ,w2,2n, and it can
be expressed as:

w(2) = w1,0 + γ(1)
∑

d=1...n

(
n− d+ 1

n
g1,d

)
+ γ(2)

∑
d=1...2n

(
2n− d+ 1

3n
g2,d

)
.

(10)

Similarly, the averaged parameters produced by
the b’th period can be expressed as follows:

w(b) =w1,0+∑
i=1...b

[
γ(i)

∑
d=1...in

(
in− d+ 1

ni(i+ 1)/2
gi,d

)]
.

(11)

The procedure of deriving Eq.11 is sketched in
Appendix.

5.2 Convergence Analysis
The best possible convergence result for stochas-
tic learning is the “almost sure convergence”:
to prove that the stochastic algorithm converges
towards the solution with probability 1 (Bottou,
1998). We will show that the proposed method
guarantees to achieve almost sure convergence.

5.2.1 Convex Case
We first introduce the general convexity assump-
tion: everywhere in the parameter space, the op-
posite of the gradient must point toward a unique
minimum w∗. Such a strong assumption is only
valid for a few simple learning algorithms. Ne-
vertheless, the assumption usually holds within the
final convergence region because the cost function
is locally convex in many practical applications.

If a stochastic update is convergent, it means
that either the gradients or the learning rates must
vanish near the optimum (Bottou, 2004). Accor-
ding to (Bottou, 2004), it is reasonable to assume
that the variance of the stochastic gradient does
not grow faster than the norm of the real gra-
dient itself. Also, it is reasonable to assume that

||∇wℓ(i,w)||2 behaves quadratically within the
final convergence region. Both assumptions are
conveniently expressed as follows:

Ei(||∇wℓ(i,w)||2) ≤ A+B(w −w∗)2, (12)

where A ≥ 0 and B ≥ 0. Based on the as-
sumptions, the convergence theorem has been gi-
ven (Bottou, 2004): two conditions on the learning
rate are sufficient conditions for the almost sure
convergence of the SGD to the optimum w∗. The
two conditions on the learning rate are as follows
(Bottou, 2004):∑

γk =∞ and
∑

γ2k <∞. (13)

Too fast decaying rate may make the SGD fail to
reach the optimum if it is far away, while too slow
decaying rate may make the SGD keep oscillating
around.

With those preparations, we have the following
theorem for the ASF:

Theorem 1: Let the optimization procedure be
defined in Figure 1. Given the convex assumption
and the assumption Eq. 12, the averaged para-
meters produced at the end of each period of the
optimization procedure are “almost surely conver-
gent” towards the optimum w∗.

The proof of Theorem 1 is sketched in Appen-
dix. As we discussed before, although the convex
assumption is a strong one, in practice the assump-
tion usually holds within the final convergence re-
gion for non-convex cost functions. From anot-
her point of view, for non-convex cost functions,
the convergence is probably not a big issue for
practitioners because normally the training has to
be terminated at a certain number of iterations in
practice (Tsuruoka et al., 2009).

5.2.2 Non-convex Case
When the loss function is non-convex (e.g., the
case of LCRFs), the convergence analysis is more
difficult. Instead of proving that the model weig-
hts converge, we prove the loss function −L(w)
and its gradient −∇wL(w) converge1.

The convergence results rely on the following
assumptions (Bottou, 1998), in addition to the as-
sumptions of Eq. 12 and Eq. 13: First, the loss
function −L(w) is three times differentiable with
continuous derivatives. The loss function has a

1The objective function L(w) and its gradient also con-
verge. However, following traditions on convex analysis, we
stick on the convergence of loss function.



lower-bound that is non-negative. Second, when
the norm of the weights w is larger than a value
D, −w∇wL(w) is bounded:

inf
w2>D

−w∇wL(w) > 0. (14)

Third, when the norm of the weights w is smaller
than E with E > D, the norm of the update term
is bounded:

sup
w2<E

||g|| ≤ K. (15)

With those preparations, we have the following
theorem for general online optimization with non-
convex loss function:

Theorem 2: Let the optimization procedure be
defined in Figure 1. Suppose we have the assump-
tions of Eq. 12, Eq. 13, and the three additional
assumptions. Then, the loss function −L(w) at
the end of each period of the optimization proce-
dure converges almost surely to −L(w)∞, and its
gradient −∇wL(w) converges almost surely to 0
.

The proof can be derived by extending the proof
of (Bottou, 1998). Since the proof can be deri-
ved in a similar way following the Theorem 1, we
omit the details of the proof. The convergence of
the gradient −∇wL(w) to 0 is the most interes-
ting result. In other words, for the difficult case of
non-convex loss functions, the algorithm will con-
verge to extremal points of loss function. Extremal
points include local optimums.

Appendix

Derivation of Eq. 11

We follow the denotations of wb,cn+d, gb,cn+d,
γ(b) and w(b) defined in Section 5. First, based
on the optimization procedure defined in Figure 1,
we analyze the resulting parameters at the end of
each period. For the 1st period, the parameters af-
ter each update is as follows:

w1,1 = w1,0 + γ(1)g1,1,

w1,2 = w1,1 + γ(1)g1,2 = w1,0 + γ(1)g1,1 + γ(1)g1,2,

. . .

w1,n = w1,n−1 + γ(1)g1,n

= w1,0 + γ(1)g1,1 + γ(1)g1,2 + · · ·+ γ(1)g1,n.

At the end of the 1st period, the parameters are
averaged as follows:

w(1) =

∑
d=1...nw

1,d

n

= w1,0 + γ(1)
∑

d=1...n

(
n− d+ 1

n
g1,d

)
.

Then, at the beginning of the 2nd period, we initi-
alize the model parameters with averaged parame-
ters: w2,0 ← w(1). In the 2nd period, the parame-
ters are updated based on the synchronized para-
meters, with a new decaying rate and the iterations
increased to 2. When the 2nd period ends, the pa-
rameters are again averaged over all previous mo-
del parameters, w1,0, . . . ,w1,n,w2,0, . . . ,w2,2n:

w(2) =

∑
d=1...n w1,d +

∑
d=1...2n w2,d

n+ 2n

=
nw(1) +

∑
d=1...2n w2,d

3n

=
nw(1) + [2nw(1) + γ(2) ∑

d=1...2n(2n− d+ 1)g2,d]

3n

= w1,0 + γ(1)
∑

d=1...n

(
n− d+ 1

n
g1,d

)
+ γ(2)

∑
d=1...2n

(
2n− d+ 1

3n
g2,d

)
.

In a similar way, it is straightforward to conclude
that:

w(b) =w1,0+∑
i=1...b

[
γ(i)

∑
d=1...ni

(
ni− d+ 1

n
∑

k=1...i k
gi,d

)]
.

(16)

⊓⊔

Proof of theorem 1

In Eq. 16, notice that the w(b) can be explicitly
expressed as the form w(b) = w1,0+γ1g1+γ2g2+
· · ·+γigi, where g1 . . . gi represents the respective
gradients in the right side of Eq. 16 and γ1 . . . γi
are the corresponding factors of those gradients.

Now, we try to prove that the decaying rates
γ1 . . . γi satisfy the conditions:

∑
γi = ∞ and



∑
γ2i <∞ (see Eq. 13). First,

lim
b→∞

∑
γi

= lim
b→∞

∑
i=1...b

(
γ(i)

∑
d=1...ni

ni− d+ 1

n
∑

k=1...i k

)
= lim

b→∞

∑
i=1...b

(
γ0

1 + i/n

∑
d=1...ni

ni− d+ 1

n
∑

k=1...i k

)
= lim

b→∞

∑
i=1...b

∑
d=1...ni(ni− d+ 1)

ni
∑

k=1...i k

= lim
b→∞

∑
i=1...b

1

i

=∞
(17)

Similarly,

lim
b→∞

∑
γ2
i

= lim
b→∞

∑
i=1...b

[(
γ0

1 + i/n

)2 ∑
d=1...ni

(
ni− d+ 1

n
∑

k=1...i k

)2
]

= lim
b→∞

∑
i=1...b

1

i3

< ∞
(18)

Then, given the convex assumption and the as-
sumption Eq. 12, with the two conditions, Eq. 17
and Eq. 18, we can apply the convergence theo-
rem (Bottou, 2004; Spall, 2005) (see Section 5.2)
to prove the almost sure convergence of w(b) to-
wards the optimum w∗. The proof is based on a
relaxation of convex assumption to the case of the
new update term, gi, in ASF training.

⊓⊔
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